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10.2 Generalization to Non Wigner

IF A B have common eigs
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Chapter 11 Free Probabilities

11.3.3 Additivity of the R transform

Def gait It
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12.3.4 R transform E Cumulants
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Chapter 12 Free Random Matrices

Now we concretely look at large symmetric matrices

AB Free 0 TCp A q Bpara qub O
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12.5 Freeness for 2 2 Matrices
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Chapter 13 The Replica Method

Let's now recover all major results so far using replicas
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13.2 Resolvent Matrix

13.2.1 General case
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Chapter 14 Edge Eigenvalues Outliers
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Chapter 17 sample Covariance Matrices
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chapter 18 Bayesian Estimation
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Chapter 19 Rotationally Invariant Estimators

19.1 Eigenvector Overlaps
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My I VÉUjMjUjUk
Igm Cretu famperms Arm

Ipery Ykot
ImIgMjutEft iz u

Ira YaImTVCEEGK iz
In both the additive E multiplicative case
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TREE YETCERT
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But Zz depends only on ge
ECG doesnt depend on go

Ek apter lying IM ZarGEEK Yak estimatable from data alone

19.2.4 Additive Case

Zz z RyGEES Y I

EA t
ftp EEnX0 R 0 G L as expected

x small REYES AKO

t Ifhe.CHPeI I ZehEA

Exact forWigner noise RxA on't

IF C is also Wignerwith 52 E is Wigner with 0s toy

hÉZ Ez for Wigner 2 It on

GA 711 EI EI
Erlinear

last chapter

EYE ij r E
shrinkage from

g D

Ex 19.2.1
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19.2.5 Multiplicative case

SA jennygtmtCCEeAk YI ME.IM ytEIIIIpt
Ymo IM ECCTEE
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For C Mp inverse Wishart

te Z

qtÉgf
from 15.4

GA typ ra f r r ppgtBayesian
for X EG it shrinkage as in 18.3

For t outside this E is nonlin in A

Ex 19.2.2 RIE for C Wishart
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Ex 19.2.3

a For W C drown from same ensemble
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19.26 RIE for outliers

Assume C has outliers thatappearas outliers of E

For z outside the bulk ge te analytic

Im ye A Ig ygEA
Im te A Ig yTEA

Additive Case

OzEdt t
Cigs A Rig Rigg

a
daygrig

Multiplicative case

GA AdaftSwt
19.3 Properties of optimal RTE for Covariance Matrices

Whatis the effect of 7 Eti
Tr E F MjUtf Vivi Uj Tr C

Cleaning preserves there



Tr E EMimaEnigma
Ajk Ig YtUjustvivitukaty

I vitamin Truant I

Similarly for EAjk I

EnAjkMIMA
I

EM
Tr Et I Tr E E Tr E

Analogue of optimalridge

Be more cautious than just Imagingback the sample Z

Always shrink top A down
bottom 7 up

as in Foradditive case

A for malt case

Asymptotic behavior

Assume outlier to the left of lower boundPE
q I E has no Omodes

AgeA B ON For 700

Hate X I 9 00

GA
p

Ok

small Igrow

Now assume tax

him te III Hopegyp
I Zqere 0ft
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From 14.54 atl outlier eig will be shifted by q
IF at q

Ea m q

E m t

19.4 Conditional Average in Free Probability

Alternative derivation E

GE Ier tho IM EGG Fig

E obtained by free operations on C

BestMSE estimator is ELEK ERIE

E is a function of E only since only E is known

EE E O

compute MEEEEEk
Generating Function FE EEE Z E
at Zsa

EERIE E ET
But t contains A

Tree er ECCE E I Spect EE da

gig
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19.5 Real Data

19.5.1 Parametric Approach

Postulate a form for Pc
Simplest B go Inverse Wishart

E TmpWarmp petTippettE lepta
ECE If

eGEMp engl empt

When the empirical p seems to be bounded above andbelow
a moregeneral ansatzi

se FEITH SEE EYETEETH
cubic for t andhencep

pi Pag Fitted from moments of E E equiv fromdensity

Doesnt work superwell

Alternatively postulate a form ey

se z HannidEft
Through ey MSE on CDF
Then reconstruct gift ist numerically
from fittedp t its Hilbert transform f EYdt

But even when p fits the sampledensity
it cannotbe obtained as a freeprod of Wishart w somepopulationdensity

Approximate estimator is nonmonotonic in true estimator
Believed that this should neverbe thecase



For unbounded support leg sharp left edge but unboundedright tail

r ar t tEn TEETH
pa IM as tax

19.5.2 KernelMethods
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possibly kdepwidthye

fduKy I faxpix I

g III guy a ta
Sky Edu EITI Tmz 0

Ingraft in it Kyer

Im gtx i0 iitpsex tKy
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Particularly relevant kernels are

Cauchy KKK Fatty
grey

2

zIy 9552 I fEgg
Ima 0

Another choice semicircle Wigner kernel
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1 Can rectify mmmonstonicity of GA by hand
2 Usuallywant EA exactly at the

empirically excluding t from kernelestimatorgives consistently betterresults

19.6 Validation RIE

It I Y E V

W computed from train set E

E E out of sample

If C is the same E IWF EER WE W LW
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YIN II 8AM 8in exact
J
YE EE

femme 0km du
Mot

VE In e FAM U VE In Ej third Uj

ELE e3 0 LEE LEE 3 0 LEG Eye LEE jEje SirSie

Ergodic assumption Justifiableby DBM of eves
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EEE
Nuff WEU
NM UfW'Uj since U iseigow

since Ctw fundaments
involves W wedged between randomlyoriented evers

LEEUW'm TCW eCuut I

9117 1 9Am uj sfporm A.nldm GA

Can approximate h by considering Vite v
even when E E have different q



Chapter 20 Applications to Finance

N assets at time t with prices pit
Returns ri ftp.I.it

Total capital C

Return at t Rt I n g g
fish

the rate

Excess return Rt Cro

IT Crit ro
From now on denote rit ro by rit
assume ring gains

Cig GuCri r
assume gains are known

Not wise to snap E for C
evils can differ meaningfully

Limited data at is nothuge

20.1.2 Portfolio Risk

PTI WarR Ey it it Corr rj
HTC IT

Expected shortfall at pth quantile
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20.1.3 Markowitz Portfolio Theory

Min ATCIT
sat Tty z g

fated return target

ME ITCH jetty
Tc E GIF

Needs knowledge of Gg

Rime EE
20.1.4 Predicted Realized Risk

Naive Sub E for C
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Rin gffy in sample risk

gtEg is convex wat E
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R'in R'true

For E out of sample
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20.2 The High Dimensional Limit

20.2.1 Rin us RJut Exact Results

Let C ggt free not a natural assumption unless
predictors aremarketneutral

idiosyncratic characteristics

M pros definite girly Trygg ofTCM

can normalize gyu
1 R'in YEEy
2 Rime Etc
3 But GEEE.EE
1 E 2 q l

ECC C1 q ere Rin f q ppm
e

0 as 901
in

3 E C Vq CK precise
quantification
of overoptimismBut Iggy

Émptotiane

Efrat orgtÉÉÉFree

RIK diverges as q I

Ring Rime T a R'out

qsl is most dangerous



20.2.2 Out of sample Risk Minimization

Naively since Markowitz uses C't may think to estimate that

but E R'at depends linearly on C estimate that

Prof
Er I Gai vivit

dens of E

R'out E TrfEÉF EE Eff E tail

Offit
0

2Yg Eg gyp IEEE 3

GA A VitCrj
Tamest

tree Tr A E is oracle estimator
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TLE C I EA trfiv.to I EA III TrJem
KNEE

RACE EEE
20.2.3 Inverse Wishart Model

C Mp p 0

of gro tip
Prue of fp as N x

can show ECE 1 g get pkg



Routes ErLEFT
FÉÉÉ apetty
REEF E TIEE.EE Bun et al 2017

Egyptian
BRIEF pity I

Can see Rin E Rin E 20

RENE RIME SO

20.3 Statistics of Price changes

Bachelier's thesis pricevariations a Time

VE E EGGPIE
VE 025

Now let by p by pot É I

CovCre F o c ft 1

Crout Sru For uncorrelated walk

Trending Cru 0 Mean reverting as Cru O



Implications for Bachelier's first law

ore VEI 0417GtEnd E Cru

remarkably flat

Returns have fat power tan tails

g

m3 consistently acrossmarkets

However returns are far from IID draws from student's t

Uncorrelated but dependent

Because timeaggregated returns dont revert to a Gaussian

Volatility is itself time varying heteroskedastic returns

A of Ey Et are IID non gaussian
not'indep Leverage of Vare 1
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20.4 Empirical Covariance

Choose N 500 stocks over 7 2000 days

9 4

IF Amy COOx XX
outlier marketmode

V E IN G F 0.95

One Factor model

riot Biff t Est Fy Eit uncorrelated mean O

Cig Bipjoft Sijo B In
We know the spectrum is
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2 Outlier at o raki at a
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We get 20 outliers need more factors market
sectors



10.2 18
men

I

becomes linear
again forlarge
A outside E

suppP
consistentw

theory

t


